Abstract. A model based on the nite volume method combined with a rst-order approximate Riemann solver is used to solve the two-dimensional shallow water wave equation on an unstructured triangular grid. Veri cation of the model is achieved by comparing the model results with analytical solutions as well as documented published results with very good agreement. The model is applied to a case study involving the sudden collapse of a water supply reservoir. These reservoirs are generally located in elevated positions in residential areas and represent a potential risk to life and property. The model is used to predict the progress of the ood ensuing from the instantaneous collapse of a water supply reservoir. The model is conservative, robust, e cient, capable of simulating the wetting and drying processes, resolves shocks, simulates ow around complex geometry and obstacles and includes the in uence of steep bed slopes and friction.
Introduction
The study of the catastrophic collapse of a dam is of interest because of the risk to life and property the ensuing ooding may cause. During this century there have been more than 200 failures of dams greater than 15 metres high (Singh 1996) . They have caused millions of dollars worth of damage and a loss of more than 8,000 lives. These recent disasters have focused attention on means for assessing public safety and predicting probable damage from the collapse of a dam. Many water authorities are required to assess the risk of failure and develop a ood warning plan for their large dams. However, this is not the case for the smaller water supply reservoir which form part of the water reticulation system in many cities. These reservoirs are typically 50 metres in diameter and 10 metres high and contain approximately 20 mega litres of water. They are usually located in elevated positions in residential areas. Due to their proximity to residential areas, water supply reservoirs also represent a potential hazard to property and life. In recognition of the potential risks associated with the catastrophic collapse of a water supply reservoir, a computer model has been developed to predict the progress of the ensuing ood. The computer model must have the ability to accurately resolve the advancing water front, also known as a shock, handle complex geometry, include the in uence of steep bed slopes and obstructions such as buildings, as well as simulating ow over a dry bed. The model is based on the nite volume method with a rst-order approximate Riemann solver used to solve the governing equations on an irregular triangular grid. Some of the features of the model are demonstrated using hypothetical examples and a case study.
Shallow Water Wave Equation
Like a number of models used to simulate the behaviour of a ood from the breach of a dam, the computer model is based on the solution of the shallow water wave equations. However, unlike many other dam break models the conservative form of the shallow water wave equations are solved in two-dimensions.
The two-dimensional shallow water wave equations are given by (Weiyan 1992) @U @t + r F = S and S fy = v 2 p u 2 + v 2 h 4=3 in which is the Manning resistance coe cient. The source term also contains the in uence of obstacles, such as buildings. For the problem considered in this study, the momentum is considered to be more destructive than the water depth alone. Therefore, the expressions in the source term which account for the in uence of obstacles are given by S bx = p (uh) 2 and S by = p (vh) 2 in which the coe cients (u; h; t) and (v; h; t) can depend on the velocity, ow depth and time. They can be removed once an obstacle has been destroyed by the ow.
Numerical Solution of the Shallow Water Wave Equation
It is the hyperbolic character of the shallow water wave equations that makes nding solutions to these equations di cult. Hyperbolic equations admit discontinuous and smooth solutions. Even for the case in which the initial conditions are smooth, the non-linear character combined with the hyperbolic type of the equations can lead to discontinuous solutions in nite time. The non-linear character of these equations also means that analytical solutions to these equations are limited to only very special cases. Numerical methods are generally used to obtain solutions to practical problems. Therefore, for problems considered here, numerical techniques which admit discontinuous solutions, secondary shocks, re ections of waves, dry bed and the in uence of obstructions are required.
The method of characteristics (Katapodes and Strelko 1978) , nite di erences (Fennema and Chaudhry 1990 , Glaister 1991 , Alcrudo and Garcia-Navarro 1994 , Jha et al. 1995 , nite-elements (Akandi and Katapodes 1987, Berger and Stockstill 1995) and Godunovtype schemes (Alcrudo and Garcia-Navarro 1993 , Zhao et al. 1994 , Toro 1992 can be used to solve the shallow water wave equations. For the dam break problem, the characteristics associated with the governing equations converge to form a shock. The method of characteristics cannot be used to follow the propagation of the shock, so a shock tting approach is required (Chen 1980) . This makes the use of the method of characteristics very complicated for practical problems especially for two-dimensional problems. Irregular geometry associated with the dam break problem in two space dimensions are poorly described using nite di erence grids. Finite elements seem to have di culty if subcritical and supercritical ows are present either simultaneously, in di erent parts of the channel or if they occur in sequence at di erent times (Fennema and Chaudhry 1990) . Initial value problems which involve discontinuities in the solution are known as Riemann problems. Numerical schemes based on the solution of local Riemann problems are generally known as Godunov-type schemes. Their main advantages are that they are robust and accurately capture the location of discontinuities such as shocks and contact surfaces. Two-dimensional Riemann solvers do not appear to have matured enough to be used in the construction of multi-dimensional schemes. Even if such solvers were available, the resulting schemes are likely to be too complicated for common use (Billett and Toro 1997) . Recently, a number of e cient one-dimensional approximate Riemann solvers have been proposed (Roe 1981 , Enquist and Osher 1981 , Osher and Solomon 1982 , Fraccarollo and Toro 1995 , Billett and Toro 1997 . These can be used to solve the two-dimensional dam break problem on a Cartesian grid using fractional step or splitting techniques (Strang 1968) . The Finite Volume Method (McDonald 1997, MacCormack and Paullay 1972) can also be used to solve the two-dimensional problem, see for example Soulis (1992) , Zhao et al. (1994) , Zhao et al. (1996) and Anastasiou and Chan (1997) . Like nite elements, the major advantage of the nite volume method is that it can be applied to any unstructured grid. Generally, the nite volume method requires less computational e ort than nite elements because it involves the solution of a local one-dimensional Riemann problem, which can be solved e ciently.
From our experience with numerical schemes for solving the dam break problem, the approximate Riemann solver developed by Toro (1989) was found to be robust and e cient. Unlike many other schemes, such as nite di erences and other approximate Riemann solvers, it avoids the problems associated with sonic points, where a non-physical expansive shock is produced. The nite volume method and the rst-order approximate Riemann solver developed by Toro (1989) have been chosen to solve the shallow water wave equations in two-dimensions.
Finite Volume Method
The nite volume method is based on the integral form of the conservation equation (2). The discretization of the integral form of (2 ) ensures that the basic quantities, mass and momentum will also be conserved across a discontinuity (Hirsch 1988) . Integrating (2) over an arbitrary element V i , see Figure 1 , the basic equation of the nite volume method obtained using the divergence theorem is given by @ @t
in which n is the unit outward vector normal to the boundary S i , and dV and dS are the area and arc elements respectively. This law states that the time rate of change in U inside a control volume V i , depends on the total ux through the surface S i minus the sum of sources within the control volume. The integrand F n is the normal ux vector in which F = E;G] T . Within each triangular element or control volume, U i is constant.
Discretizing (3), the basic equation for the nite volume method becomes
where A i is the area of the element i, m is the number of sides associated with element i; j is the index of the side of the element i, S i;j is the arc length of side j of element i, S i is the sources and sinks associated with element i and F(U i ) is the ux normal to the boundary S i;j .
The rotational invariance property of the two-dimensional shallow water wave equation allows the two-dimensional problem to be treated as a local one-dimensional problem.
Consider the outward unit vector n i;j normal to the surface S i;j in two-dimensions n i;j (n i;j;x ; n i;j;y ) (cos i;j ; sin i;j ) where i;j is the angle between the unit outward vector normal to the boundary S i;j ; and the x-axis measured counterclockwise, see Figure 
(5) Therefore, the ux normal to the surface S i;j is evaluated using only the x-component of the ux of the transformed conservative quantities.
Using (5), then (4) becomes
The problem involves the solution of a local one-dimensional problem in the direction normal to the element interface. Its major advantages are; (i) the underlying principle is simple, (ii) exible meshes, such as triangles or quadrilaterals which suit problems with complex geometries can be employed and (iii) an integral conservation law was used, therefore the solution may be smooth or discontinuous.
Solution of the Discrete System
The local one-dimensional problem given by (6) has been solved using Strang (1968) splitting. In Strang splitting, the solution of (6) involves the solution of the homogeneous equation
followed by the solution of the ordinary di erential equation dU dt = S i :
The splitting can be expressed as U n+1 = O ( t) H ( t) (U n ) in which H ( t) is the homogeneous solution operator, O ( t) is the ordinary di erential equation operator, n is the time level and t is the computational time step. The advantage of this approach is that the most suitable schemes can be used to solve each sub-problem.
5.1. Solution of the One-Dimensional Riemann Problem. In the homogeneous operator, an estimate the normal outward ux, E(U i;j ) is required. Recalling that within each cell U i is constant, then this will result in a discontinuity across the surface S i;j . The problem of estimating the ux across a discontinuity is known as the Riemann problem. There are a number of schemes that can be used to de ne this ux. A wide range of numerical schemes have been examined for the solution of the one-dimensional shallow water wave equation applied to problems with discontinuities in the solution. Although many numerical schemes satisfy the Rankine-Hugoniot condition for shocks, they produce solutions which do not satisfy the entropy condition and therefore produce non-physical solutions. First-order upwind schemes described by Bermudez and Vazquez (1994) , Steger and Warming (1981) and Yang et al. (1993) which was used by Jin and Fread (1997) , are schemes which exhibit problems with sonic points. This is demonstrated by considering a one-dimensional problem which has a known analytical solution given by Stoker (1957) . The one-dimensional channel 2000 metres in length is horizontal, frictionless and wide and the water is initially stagnant. The water depth, h 1 upstream of the dam which is located at 1000 metres remains constant at 10 metres and the downstream water depth, h 0 = 0:1 metres. There is an instantaneous breach of a dam. In this problem there is a transition from subcritical to supercritical ows and it represents a severe test which has highlighted problems with a number of numerical schemes. The analytical and the solution to this problem obtained using the rst-order upwind scheme described by Yang et al. (1993) is shown in Figure 3 . There is a discontinuity in both the predicted velocity and water depth at the original position of the dam. The solution predicts that there is an expansive shock which is an entropy violating solution. This discontinuity is due to the inability of rst-order upwind scheme to establish the direction of the ow at a sonic point, at the transition from subcritical to supercritical ow. Other numerical schemes produce more dramatic discontinuities in the simulated pro les.
5.1.1. Approximate Riemann Solvers. There are approximate Riemann solvers which also produce entropy violating solutions. One of these is the scheme attributed to Roe (1981) and used by Glaister (1988) to solve the two-dimensional shallow water wave equation. Only approximate Riemann solvers which either explicitly or implicitly include sonic points in estimating the intercell ux avoid the entropy violating solution (Hirsch 1990) . These include Osher's P scheme (Engquist and Osher 1981, Osher and Solomon 1982) . In Osher's P scheme, which has been successfully used by Zhao et al. (1994) , sonic points are explicitly used in the approximate Riemann solver and therefore this scheme excludes expansion shocks. This is not the case for Roe's approximate Riemann solver (see, for example Hirsch 1988, p. 469 ). Roe's approximate Riemann solver can be modi ed so as to avoid entropy violating solutions. An entropy x can be found in Harten and Hyman (1983) . The recently developed scheme by Toro (Toro 1989 , Toro 1992 , Fraccarollo and Toro 1995 
where l and r denote the states on either side of a discontinuity. The Riemann problem can be decomposed into three waves for the shallow water wave equations. The middle wave is always a contact discontinuity and the left and right waves can be either shocks or rarefaction waves. Classic approximate Riemann solvers assume that the solution of (9) consists of only two waves separating three constant state regions. For the one-dimensional shallow water wave equation this is correct. For the two-dimensional shallow water wave equation however, there is a third wave, which is a contact discontinuity. Toro et al. (1994) developed an approximate Riemann solver that includes the contact discontinuity in the solution.
Given the initial data; h l ; h r ; u l ; u r ; v l and v r ; the Riemann problem for the one-dimensional problem has the structure shown in Figure 4 in which 0 > S l and 0 < S r . Generally, the Riemann problem will involve a combination of shocks and rarefaction waves. These equations have been shown to provide reliable estimates for u and h for all combinations of shocks and rarefaction waves (Fraccarollo and Toro 1995) .
The normal ux for the conservative quantities, h and uh are established using E(U i:;j ) = 8 < :
E l If S l 0 E If S l < 0; S r > 0 E r If S r 0: (12) However, estimates of the wave speeds S l and S r are also required. These are obtained from the eigenvalues for the problem where S l = min(u l ? p gh l ; u ? p gh ) S m = u S l = max(u r + p gh r ; u + p gh ) (13) which are simply estimates of the largest and smallest characteristic speeds. Although (13) may overestimate the true wave speed, Fraccarollo and Toro (1995) suggest that this enhances the stability of the scheme. These wave speeds are used to solve for the ux in At time t, x l = S l t and x r = S r t: Evaluating the integral in the rectangular control volume AODE gives U m = U l + (E ? E l )=S l : Similarly for the control volume OBCD gives, U m = U r + (E r ? E )=S 2 : Eliminating U m from these equations gives E = S r E ? S l E + S l S r (U r ? U l ) S r ? S l : (14) This expression is also valid for S 2 0 and S 1 0. The normal ux E(U i;j ) can now be calculated using (10) to (14).
Finally, for the contact discontinuity which only depends on S m , the normal ux for the dependent variable v is given by E(U i;j ) = E 1 v l If S m 0 E 1 v r If S m < 0 where E 1 is the normal ux estimated using (12) for the conservative quantity uh. This is a rst-order scheme which is consistent with Strang splitting used to solve (6). It is an explicit scheme with the usual Courant restriction on the time step. Here the restriction on the computational time step is t c x in which c = max(jS l j; jS r j) and x is the distance from the centroid of a triangle to the midpoint of the side of the triangle closest to the centroid.
For the simple one-dimensional frictionless dam break problem, the results from the rstorder approximate Riemann solver are shown in Figure 6 . There is reasonable resolution of both the shock and rarefaction waves. In addition, the entropy violating solution, which plague many other schemes is almost eliminated using this scheme.
5.2. Dry Bed Problem. Equation (13) assumes that there exists a nite water depth everywhere. If a dry bed exists upstream h l = 0; the two eigenvalues collapse into one and the system of equations is not strictly hyperbolic. Under these circumstances no shock exists and S l represents the speed of the head of the rarefaction wave and S r represents the speed of the toe of the rarefaction wave. Therefore, (Lafon and Yee 1996) . A standard approach which is also used here to solve (2), is to solve the homogeneous part of the governing equations and solve the non-homogeneous term separately. In this way the most appropriate schemes can be used to solve each sub-problem. This approach of separating the homogeneous problem and the source term is known as the splitting or fractional step (Strang 1968) method. There are numerous techniques for solving the ordinary di erential equation operator (8). Care must be exercised in solving the ordinary di erential equation. If the ordinary di erential problems contain processes with widely di erent time scales, this will lead to a sti ordinary di erential equation. These can be resolved using implicit or adaptive ordinary di erential equation solvers. However, Pember (1993) showed that for sti problems, the use of higher-order Strang splitting will only produce a rst-order accurate scheme. Therefore, there may not be any advantages in implementing higher-order fractional step schemes for the solution of the shallow water wave equation which contains source terms. In this study, an adaptive fourth-order Runge-Kutta (Press et al. 1992 ) scheme was used to solve the ordinary di erential equation operator. Since a source term only occurs in the momentum equation, it only a ects the velocity.
Hypothetical Examples
The test problem introduced by Fennema and Chaudhry (1990) which involves the instantaneous breach of a dam in a frictionless horizontal channel is used to validate the numerical scheme. In this problem, the ow is initially stagnant and the dam is assumed to fail instantaneously. The water depth upstream of the dam is h 1 = 10 metres and the downstream water depth is h 0 = 5 metres. This is the original problem used by Fennema and Chaudhry (1990) and used by others (Alcrudo and Garcia-Navarro 1993 , Galister 1993 , Zhao et al. 1994 , Zhao et al. 1996 to test their models. Unfortunately, it is not a severe test because subcritical ow only exists for all time (Alcrudo and Garcia-Navarro 1993) . There is no transition from subcritical to supercritical ows. A more severe test includes the use of h 0 = 0:1 meters and the dry (0 meters) bed problems.
The computational domain consists of a 200 metres 200 metres region which has been subdivided into a 41 41 square grid with each element 5 metres 5 metres. The 200 metres long dam wall, which runs parallel to the y-axis is 10 metres wide and is centred at x = 100 metres. The breach is 75 metres wide and centred at 75 metres. Along the boundaries, x = 0 metres and x = 200 metres, h is xed at the upstream and downstream water depth respectively. All other boundaries are re ective boundaries. The results at t = 7:1 seconds were obtained using a time step t = 0:1 seconds in the numerical scheme. Perspective plots of the water depth for the downstream water depth, h 0 = 5; 0:1 and 0 metres for the breach are shown in Figures 7,8 and 9 respectively. When there is a nite water depth downstream of the dam there is always a sharp front moving downstream. For the dry bed case however, there is no shock. The problem consists of a rarefaction fan and there is a smooth transition in the water depth from the breach to the dry bed downstream of the dam. These results are similar to other results found for this problem in the literature (Alcrudo and Garcia-Navarro 1993 , Anastasiou and Chan 1997 , Zhao et al. 1994 ).
The second example di ers from the rst problem because bed slope and friction are introduced downstream of the dam. Downstream of the dam, S 0x = 0:1, S 0y = 0 and S fx = S fy = 0:03. Along y = 200 metres, there is a transmissive boundary condition. All other boundary conditions are re ective. The simulated pro le at t = 1; 2; 4; 6; 8 and 10 seconds are shown in Figure 10 . In comparison to the zero bed slope case where the water spreads radially downstream of the dam, here the water ows down the incline. By t = 8 seconds the water has reached the downstream boundary and the rarefaction fan has reached the upstream boundary. At t = 10 seconds, the drawdown of the water in the reservoir behind the dam has commenced and water is owing through the transmissive downstream boundary. In this example, the nite volume model is capable of simulating ow over a dry bed which also has a bed slope and frictional resistance opposing the progress of the ow.
Case Study
The nite volume model will be used to simulate the ow from a water supply reservoir that has completely collapsed. It could also be used to simulate the behaviour of the ow for a partial collapse.
A water supply reservoir in Lower Hackett, a northern suburb of Canberra, has been selected as the case study to demonstrate the capability of the model, see Figure 11 . This reinforced concrete reservoir has a capacity of 18:6 mega litres, it is 48:77 metres in diameter, 9:98 metre high reservoir and is located approximately 100 metres from residential properties. The residential blocks and contours surrounding this reservoir are shown in Figure 12 . A typical triangulation used to discretize the domain is shown in Figure 13 . There are 1041 triangles in the computational domain and an additional 108 triangles are used to de ne the reservoir. These triangles were generated using an e cient triangulation package developed by Renka (1993) and data from 1 : 2500 contour maps with 2 metres contour intervals. At the apex of each triangle, the Manning resistance coe cient, obstacle coe cients, the bed elevation and the water depth must be speci ed. These were obtained from topographic maps of the area. The Manning resistance coe cients were estimated from site visits and aerial photographs. The region surrounding the reservoir is vegetated with long grass and a few mature gum trees. The value of the Manning resistance coe cient ranged from 0:03 to 0:1 representing long grass and shrubs in residential areas. Obviously, the water depth is zero everywhere except at the reservoir. For large obstacles such as buildings, a momentum sink is used to describe the in uence of these obstructions on the ow.
Plots of the water level are shown in Figure 14 for times t = 1; 5; 10; 15; 20 and 25 seconds. At t = 1 second water is travelling in an almost uniform radial direction from the reservoir. Water has reached residential boundaries within 5 seconds. Five seconds later, several houses adjoining the reserve have been inundated and water commences to recede upstream of the reservoir. The average water depth over the wetted area is 0:40 metres and the average ow velocity is 5:1 metres/second. This represents a signi cant destructive force. The average water depth is 0:33 metres with an average ow velocity of 5:0 metres/second by t = 15 seconds. By t = 20 seconds, residences across Rivett Street, which runs parallel to the reserve are now a ected. The ensuing wave begins to divide following preferred ow paths de ned by the local topography. This becomes more obvious by t = 25 seconds. The original ood has separated into two waves and their direction is strongly in uenced by the local topography. At this point the average ow depth has reduced to 0:26 metres and the average ow velocity is 4:6 metres/second. Although the water depth has diminished, damage to property will still be caused by the momentum associated with the ow.
It is obvious from this investigation that within 15 seconds of the collapse of the water supply reservoir there is a risk to both life and property. Although the implementation of a ood warning system is not practical in this case, it is possible to investigate alternative remedial strategies that would divert the ow from the residential area using the model that has been developed.
Conclusions
A model capable of simulating unsteady two-dimensional unsteady ow is described. The model uses the nite volume method to solve the two-dimensional shallow water wave equations on an arbitrary triangular grid using the fractional step method. An adaptive fourth-order Runge-Kutta scheme is used to solve the ordinary di erential equation operator. A rst-order approximate Riemann solver is used to solve the homogeneous operator. The approximate Riemann solver is robust, e cient and avoids the non-physical solutions produced by many other schemes. The triangular mesh used in the model proved to be exible and suitable for describing complex geometries. The model produced very good agreement with analytical solutions as well as documented published results. The capabilities of the model are demonstrated by simulating the ensuing ood from the catastrophic collapse of a water supply reservoir. The model is capable of tracking shock waves, simulating ows in complex geometry, around obstacles, over steep bed slopes and simulating the wetting and drying process. t = 1 second (contour levels: 0.1, 1, 5 and 9.98 metres) t = 5 seconds (contour levels: 0.1, 1, 2, 3 and 4 metres) t = 10 seconds (contour levels: 0.1, 5.0 and 9.98 metres) t = 15 seconds (contour levels: 0.1, 0.4, 0.8, 1.2 and 1.6 metres) t = 20 seconds (contour levels: 0.1, 0.3, 0.6, 0.9 and 1.2 metres) t = 25 seconds (contour levels: 0.1, 0.3, 0.6, 0.9 and 1.2 metres) Figure 14 . Evolution of the two-dimensional collapse of the Lower Hackett water supply reservoir using the nite volume method with a rst-order approximate Riemann solver.
